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Abstract

This paper presents an algebraic approach to construct M-band orthonormal wavelet
bases with perfect reconstruction. We first derive the system of constraint equations of
M-band filter banks, and then an algebraic solution based on matrix decomposition is
developed. The structure of the solutions is presented, and practical construction proce-
dures are given. By using this algebraic approach, some well-known K-regular M-band
filter banks are constructed. The advantage of our approach is that more flexibility can
be achieved, and hence we can select the best wavelet bases for a general purpose or a
particular application.
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1. Introduction

It is well known that 2-band orthogonal wavelets [4,12] suffer from severe
constraint conditions, such as nontrivial symmetric (linear-phase) 2-band
orthogonal wavelets do not exist [3,8,9,17]. Biorthogonal wavelets, multiwav-
elets, and M-band wavelets are designed as alternatives for more freedom
and flexibility [3,9]. M-band wavelets have attracted considerable attentions
due to their richer parameter space to have a more flexible time-frequency til-
ing, to zoom in onto narrow band high frequency components in frequency re-
sponses, to give better energy compaction than 2-band wavelets [3,5,15]. Also,
there is a close relationship between M-band wavelets and FIR perfect recon-
struction filter banks [3,15,16,20,21]. The design of M-band wavelets is very
challenging because of the great number of parameters and increased degrees
of freedom, especially for larger M and longer length.

An M-band wavelet system consists of one scaling filter (or scaling function)
and M — 1 wavelet filters. Because most useful properties are only related to
the scaling filter, a typically two-step construction procedure is used. The first
step is to design the scaling filter carefully, and the second is to choose the
wavelet filters from the given scaling filter [7,15,17,19]. K-regularity, linear-
phase, interpolation, linear independence, local linearity, and other properties
on scaling functions are investigated in [1,2,7,14,15,17,18]. For designing wave-
let filters from the given scaling filter, polyphase decomposition [17], parauni-
tary factorization [7], and state-space characterization [15] are proposed. In [1]
some shuffling operators are presented to construct wavelet filters with linear-
phase and perfect reconstruction by using permutations of the scaling filter. In
[19] characteristic Haar matrix is applied to construct M-band wavelets with an
O(M) transform complexity, and in [11] the lifting scheme is extended to bior-
thogonal M-band filter banks. Cosine modulated design of the wavelets from
the scaling filter are described in [3,6,10].

A disadvantage of above two-step construction is that it overlooks the
greater variety in wavelet filters design, as only special cases of wavelet filters
are provided. Another disadvantage is that it focuses on design filter banks
with particular properties, and there is no scheme to construct general cases
of filter banks. Following the idea presented in [13] for biorthogonal wavelets
construction, in this paper we propose an algebraic approach to construct
M-band wavelets by solving constraint equations, which can partially over-
come above disadvantages of the classical two-step construction. With our ap-
proach, we can find the structures of the solutions and give practical
construction procedure. Moreover, we can construct innumerable wavelet
bases, among which we can select the best ones for practical applications.

Throughout this paper we use Z to denote the set of all integers. The symbol
I denotes the identity matrix of size implied in context. Sometimes we also use
I, to denote the identity matrix of size p.
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2. Problem

Suppose that M > 3 and L > 2 are two fixed positive integers. Consider the
compactly supported M-band filter bank with length ML:

(o, 0 <m <M —1,0< n < ML — 1} (1)

Given a discrete signal {s,} ez With finite energy, the decomposition and recon-
struction formulas are

tu =Y hyspom, kE€Z, i=0,1,... . M—1 2)

JEZ
and
M-1
5= Z Zth—Mktika JEZ, (3)
keZ i=0

respectively. The constraint conditions for an orthonormal M-band filter bank
with perfect reconstruction property are

e the low-pass and high-pass condition ZLM 1h =VMdy,i=0,1,...,

M -1,
e the orthonormal condition Zjezh,vjhrﬁm =0,0r0,k € Z,i,r=0,1,...,
M —1;

e the perfect reconstruction condition s; =5;,j € Z.

Define
ho v ho yiv1 T ho arr1)-1
hl,Mk hlﬁMkJrl te hl‘M(k‘Fl)*l
Ay =
hM*l,Mk hM*l,Mk+1 e hM*l‘M(k+1)fl

for k=0,1,...,L — 1. Then the construction of an orthonormal M-band filter
bank with perfect reconstruction property is reduced to the following problem.

Problem MLW. Find L real M x M matrices Ay, A;,...,A;_ such that

Se=+vMe,, PPT=1I QQ"=1I, (4)
where
L—1
S=>"4;, e=(1,1,....1)", e =(1,0,...,0)", (5)
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Ay A1 - A
Ay - - Ay
P: b (6)
Ao Ay oo Ay
4 A4 AL
Ag ALI
0= : (7)
Ay A A

Obviously, this is a system of nonlinear matrix equations. Let A, = UD,V
with U and V7 both orthogonal matrices, and D, = diag(0,7,,0),
ngtn +---+n._1=M,n, > 0. Then it is easy to verify that

L—1 L—1
AA] = (A, =0, j#k D MA =D A4dl =1,
k=0 k=0

which implies that the orthonormal and perfect reconstruction conditions are
naturally satisfied. Notice that in such a case S = UV", if we take U and V sat-
isfies that UVTe = \/me;, then the low-pass and high-pass condition is satisfied.
One way to select such two orthogonal matrices is as follows:

(i) Find a Householder matrix H such that He = v/Me,.
(ii) Let V= HU for any given orthogonal matrix U.

Thus, we have proved the following theorem.

Theorem 2.1. Problem MLW is always solvable, and it has infinite solutions.

In addition, we can easily prove the following result:

Theorem 2.2. If {Ay, Ai,...,A;r_1} is a solution of Problem MLW, then the
matrix S defined by (5) is orthogonal, i.e., S'S= SS" = I

Remark 2.1. Theorem 2.2 shows that to solve Problem MLW is in essence to
decompose an orthogonal matrix S, which satisfies the low-pass and high-pass
condition, into L matrices: S = Ag+ A, +--- + A;_;, such that the orthonor-
mal condition and the perfect reconstruction condition are satisfied.
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3. Construction

In this section we shall explore the structures of solutions to Problem MLW
for L =2, 3, 4. As shown below, it seems very difficult to give the general solu-
tions to Problem MLW for L > 5.

3.1. The case of L =2

First we consider the structures of solutions to Problem MLW for the case
of L = 2. To this end, we first give the following basic result, which plays a fun-
damental role in this paper and can be easily proved by using Singular Value
Decomposition Theorem.

Lemma 3.1. If two nxn matrices A and B satisfy that A"B= AB" = 0, then
there exist orthogonal matrices U and V such that

T Dy, O )
U AV = o ol D, = diag(oy,...,0,,), o= =0, >0,

0

B

0
U'BY = [0 }, Dy = diag(ty,...,7,,), T = =71, >0,

where ry = rank A, rg=rank B, and r4 + rg < n.
Notice that in the case of L = 2, Problem MLW can be more precisely stated
as: to find two real M x M matrices Ay and A; such that
(Ao +A41)e = VMey, Agdy = AoAT =0,
AgAg + A{Ay = Apdy + A1 4] = 1.

The following theorem immediately follows Lemma 3.1.

Theorem 3.2. For the case of L =2, {Ay, A} is a solution of Problem MLW if
and only if the matrices have the following decompositions:

0

1,
A():U
0 0

0 0
}VT, A4, = U{ }VT, (8)
0 1,

where ny +ny = M, and U and V are orthogonal matrices with UV e = \/Me,.

Remark 3.1. Theorem 3.2 provides us with a recipe for constructing the solu-
tion to Problem MLW with L = 2. In summary, the method is as follows:
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Step 1. Select two nonnegative integers ng and n; with ny + n; = M, and choose
an M x M orthogonal matrix U.

Step 2. Compute an M x M Householder matrix H such that He = v/Me;.

Step 3. Compute V' = HU, and compute 4, and A4; as in (8).

3.2. The case of L =3
For the case of L =3 we have

Theorem 3.3. For the case of L =3, {Ay, Ay, A>} is a solution of Problem MLW
if and only if the matrices have the decompositions Ay = USkVT, k=0, 1, 2,
where
So = diag(s7ln(]7 0,0, O)a
o 0 0 0 -C

00 0 0 0
Ss=|0 01, 0 0|,
00 0 0 0
cC0 0 0 0

S, = diag(0,0,0,7,,,S),
S = diag(s1,s2,---,5),
C = diag(cy, ¢z, ..., ¢,),
0<si,c<l, c+s =1,
2r+ny+n +n=M

and U and V are orthogonal matrices and satisfy that U(Sy+ S; + S;)V7'e =
\/Me].

Proof. The proof of the sufficiency is trivial. Next we prove the necessity.
For the case of L =3, Problem MLW can be stated as: to find three real
M x M matrices Ay, Ay, A, such that
(Ao + Ay + Az)e = V/Mey,
AgAr = Aod; =0,
AgAy + AT Ay = ApA} + 4,145 =0,
AjAo + ATA) + AT Ay = ApAy + A1A] + A4, = 1.

©)

By Lemma 3.1 it follows A4j4, = A¢pA; = 0 that there exist two orthogonal
matrices Uy and ¥V, such that
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Dy 0 0 00 0
UidoVo= 10 0 0|, UjdVo= |0 0 0 [, (10)
0 0 0 0 0 D,

where Dy, D, are diagonal matrices with positive diagonal entries.
Let

All A12 A13
UidiVo= | Ay An Ay |. (11)
Az An Az

Substituting (10) and (11) into AjA4; + A[ 4> = ApA| + 414, = 0 we have
A =0, Ap=0, Ay =0, Ay =0, 43 =0,
A3 =0, Dydis+ 435Dy =0, Dyd;, +A;3Dy = 0. (12)

Thus, let the singular value decomposition of 4,, be UITAQZ V, = D, and let
U = Uydiag(I, U,, 1), V= Vodiag(I,Vy,1), then we have U4V = UjAoVo,
U4,V = Uy A,V,, and

0 0 Ap;
U™4Vv=|0 D 0
Ay; 0 0

Consequently, this, together with (12) and the last two equations of (9), gives
rise to

Dy =1, A;=—-D,'4yDy, A3 D; = D43, (13)

D+ A3 Ay =1, D3+ Ands, =1 (14)

from which we can prove that

(a) Dy and D» have at least one equal diagonal entry.
(b) Suppose that Dy = diag(o1,...,0u,...,0,), D = diag(ty, ..., T, .., ),

where 6y =---=og,=s=1=---=t1,and 6, 7; # sif i > y, j > v, and let
X X

Az = , then

. [le Xzz]

(1) Whens—l XII—O X12—0 X21 O
(2) when0<s<1 H=v, X]]X“—X“X” —C‘[ X]z—o andX21 O
wherecz—l—s

Based on the above properties of Dy, D, and A3, if they satisfy (13) and
(14), there exist two permutation matrices P and Q such that
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P'DyP =diag(si1,,,520s,, - ,Sul, 1ny), 714724+ 1+ nyg=rank(dy),
0'D,Q =diag(l,,,s11,,,521,,,...,8.0,,), r1+r2 4 +7,+n=rank(4,),
0"'4y P =diag(0,X 11, X0,....X\u), XiXui=(1-s)I,,

O<s; <1, i=1,...,u

Thus, the necessity immediately follows. [

Remark 3.2. Based on Theorem 3.3, we can construct the solution to Problem
MLW with L = 3 as follows:

Step 1. Select three nonnegative integers r, ny and n, with 2r + ng+n, < M
and 2r real numbers 5; and ¢; with 0<s, ¢;<1 and s>+c> =1,
i=1,2,...,r,let ny = M — 2r — ny — n», and choose an M x M orthog-
onal matrix U.

Step 2. Compute an M x M Householder matrix H such that He = v/Me,.

Step 3. Construct Sy, Sy, S, as in Theorem 3.3 and compute V' = HUS, where
S= SO + Sl + Sz.

Step 4. Compute 4, = US,V for k=0, 1, 2.

3.3. The case of L =4

Finally, we consider the case of L =4. In this case, similar to the proof of
Theorem 3.3 we can prove the following theorem.

Theorem 3.4. For the case of L= 4, {Agy, Ay, A», A3} is a solution of Problem
MLW if and only if the matrices have the decompositions Ay = US), VT k=0,1,
2, 3, where

[Bii B Bis
. D 0
So = diag(D,,0,0), S = |Bxy Bn 0 |, Bp= o ol
LBy O 0
ro 0 Cps
. 0 0
S3 = dlag(O, 0,D3), S2 = 0 C22 C23 s C22 = 5
0 D,
LCy Cxn Cis

and moreover, U and V are orthogonal matrices and satisfy that
U(So+S1+S5+ S3)VTe = +/Me,, Dyi=0,1,2,3) are diagonal matrices with
positive entries, ng + n3 < M, ny + n, < M — ng — n3, n; = size(D;), while subma-
trices By, Cy, D; satisfy the following system of 18 matrix equations:
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Cy3=—-D;'By,D;, B;3=-DyCyD;', Cy3=—B3CiD;",

Bii=-Dy'B3,C31, Cyy=~— (leC; +322C§2)D§1’

Biy=-Dy' (BL Cxn+Bj, C3z),

C;FBDg - (Dé ‘*‘B;BM +B§1331)C§1 - B;BQQC; =0,

DiF B3, — B3, (C31 Gy + C3nCyy + D7) — B, CnCs, =0,

ngFBDg _BngZZC; + ngBZID(;zB;D% _Bngﬂ C; =0,

DéFCB; _Bgl C22C§2 - Bgl C32C§2 +D(2)C§1D3_2C3ZB§2 =0,

C3,F3C31 + By,Bay + Cy,B21Dy* By, C31 =0,

B31F¢B;, + C3Cy, + B3 C3, Dy *CB), =0,

C3,F3C31+ By, Bay + B3 By + Dy =1,

B3 F¢B;, + C3,Cyy + CnCr, + D3 =1,

C3,Cy+ By,Byy + C5, Coy + (C3,B21 4+ C3,B31) Dy * (B, Co + B3 Cx ) =1,

B Bj, + BBy, + CnCoy + (BuCyy +BnC3,) D3 (Ca1By, + CiBy,y) =1,

DiFsD3+Cs1 (Do + B3y B3 ) iy + (C31BYy + CByy) (B €5y + B Chy) = D3,

DiFeDg + B3y (D3 + C51C3) ) Bsy + (By Cor + B3 ) (CoyBar + C3yBit ) = Dy,
where

Fp=1+ByDy’Bl,, Fc=1I+CyD;*Cy.

Although it seems not easy to find solutions to the above system, from it we
can derive some explicit formulas to construct filter banks for small M. As an
application of the above result, consider the case of M =4, and assume that the
matrices S; in Theorem 3.4 have the following forms:

al0 010 0/0 010

0]0 010 0]0 010
0=10olo olo]> = ]olo olo]

1 00 040 00 01|96

-511 Bz Bz | Pua 0 0 0 |74
S — ﬁZl ﬂ 0 0 S — 0 0 0 Y24
L ﬂgl O 0 0 ’ 2 0 0 Y Y34 ’

| Bu| O 0] 0 Va1 | Va2 Y43 | Va4
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where no=n; =n,=n3=1,a>0, >0, >0, 6 >0. Straightforward calcula-
tions lead to the construction of those matrices S; as follows:

Step 1. Choose four numbers J, 7y, f, y41 with 0<96, y, B, 741 <1 and
ﬁz > bR + q/11;
Step 2. Find the other numbers by the following formulas:

a:@ g :az(ﬁ2—52_3’21) 72 :(1_ﬁ2)(52+731)
ﬁ 9 41 52 + ”/il ) 42 /32 9
B = (1 =) (o + 521) _ VB3 B B = — Byavan
- ) - ) 21 — )
¥ i 2+, &+ 73
0Py gy  Bava + Bya
V14——T, /314——7, /24——f,
By — Ba17 + Barvas By B, = BaiVa
BT T T RE T
o Barva - Barva
Vaa = 5 Bu = w

4. Examples

In order to show the practicability of our algebraic construction of M-band
wavelets, some well-known K-regular M-band wavelets [15,17] are constructed
by using our method.

Example 4.1. 2-regular 3-band wavelets. For L =2 and M = 3 we can impose
the regularity constraints on the solutions of Problem MLW to obtain the well-
known filter bank (Table 1) [17].

For this filter bank the associated decompositions as in Theorem 3.2 are

Table 1

2-Regular 3-band filter bank

h(),n hy n Ny
0.33838609728386 —0.11737701613483 0.40363686892892
0.53083618701374 0.54433105395181 —0.62853936105471
0.72328627674361 —0.01870574735313 0.46060475252131
0.23896417190576 —0.69911956479289 —0.40363686892892
0.04651408217589 —0.13608276348796 —0.07856742013185

—0.14593600755399 0.42695403781698 0.24650202866523
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[ 0.3384 0.5308 0.7233 7 [0 0 07
Ao = | —0.1174 0.5443 —0.0187|=U|0 1 0|V,
| 0.4036 —0.6285 0.4606 | 10 0 1]
[ 0.2390 0.0465 —0.14597 1 0 0]
A, =|-0.691 —0.1361 04270 | =U|0 0 OV,
| —0.4036 —0.0786 0.2465 | L0 0 0]
where
—-0.28 —0.85 045 -0.84 —-0.12 0.53
U= [ 0.83 —-0.45 —0.33}, V= [—0.16 -0.87 —0.46].
0.48 0.28 0.83 0.51 -048 0.71

Example 4.2. 3-regular 3-band wavelets. Using Theorem 3.3, the example fil-
ter bank of 3-regular 3-band in [17] can be given by the following

decompositions:

[ 0.2031 0.4232  0.7073 ]| [0.6807 0 0
Ay = | —0.4214 0.7247 0.0395 | =U 0 1 oVt
| 0.0284 —0.1610 —0.1081 | | 0 00
[ 0.4462  0.1986 —0.17727] [0 0 —0.7326
Ay = | —0.3270 —0.2744 03241 | =U 0 0 0 /&8
| 0.4675 —0.2401  0.4897 | 10.7326 0 0
[—0.0720 —0.0444 0.0473 0 0 0
A, = | —0.0681 —0.0420 0.0447 | =U|0 O 0 &
| —0.4959 —0.3061 0.3255 0 0 0.6807
where
—0.6948 0.7049 —0.1424
U= 07192 0.6817 —0.1346 |,
0.0022  0.1960 —0.9806
—0.6525 —0.1496 0.7429
V=1 03332 0.8238  0.4585
—0.6806 0.5467 —0.4877

Example 4.3. 4-regular 4-band wavelets. The 4-regular 4-band wavelet matrix
(Table 2) is constructed by using the scaling filter in [15] and the paraunitary
factorization method in [7] (with rank-4 DCT for its characteristic Haar
matrix).
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Table 2

4-Regular 4-band filter bank

hO.n hl,n hZ.n h},n
0.0857130200 —0.1045086525 0.2560950163 0.1839986022
0.1931394393 0.1183282069 —0.2048089157 —0.6622893130
0.3491805097 —0.1011065044 —0.2503433230 0.6880085746
0.5616494215 —0.0115563891 —0.2484277272 —0.1379502447
0.4955029828 0.6005913823 0.4477496752 0.0446493766
0.4145647737 —0.2550401616 0.0010274000 —0.0823301969
0.2190308939 —0.4264277361 —0.0621881917 —0.0923899104

—0.1145361261 —0.0827398180 0.5562313118 —0.0233349758

—0.0952930728 0.0722022649 —0.2245618041 0.0290655661

—0.1306948909 0.2684936992 —0.3300536827 0.0702950474

—0.0827496793 0.1691549718 —0.2088643503 0.0443561794
0.0719795354 —0.4437039320 0.2202951830 —0.0918374833
0.0140770701 0.0849964877 0.0207171125 0.0128845052
0.0229906779 0.1388163056 0.0338351983 0.0210429802
0.0145382757 0.0877812188 0.0213958651 0.0133066389

—0.0190928308 —0.1152813433 —0.0280987676 —0.0174753464

Applying Theorem 3.4, we can also construct this filter bank by the

following decompositions:

Ay =US VY, k=0,1,23,
where

71.0000 0 0 0

o 0 07940 0

0= 0 0 02891 0]
L0 0 0 0
0 0 0 0

g _ |0 —00681 —0.0651 0.5935

"7 10 04959  0.4639 0.2064 |’
[0 —0.3152  0.8186 0
0 0 0 0

S 0 0 0 0.0911

27 1o 0 0 —0.6500 |’
|0 —0.1716 —0.1639  0.3487
00 0 0
000 0

5=1o00 o |
(0 0 0 0.229
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—0.0890 —0.8479 —0.4983 —0.1572
0.1717  0.0031  0.2636  —0.9492
—0.0339  0.5267 —0.8172 —0.2314 |’
—0.9805 0.0593  0.1197 —0.1439

—-0.2147 0.0917 —0.8907 —0.3900
0.6595 —0.3911 0.0797 —0.6370

—0.7146 —0.4880 0.2984 —0.4028
0.0917 —0.7749 —0.3335 0.5290

5. Conclusion

In this paper we propose an algebraic approach to construct M-band ortho-
normal wavelet bases with perfect reconstruction. The structure of solutions to
M-band filter banks is presented, and practical construction procedures are
given. We also give some examples to show how to construct K-regular
M-band filter banks by using our algebraic approach. Future work is how to
construct longer filter banks, how to integrate useful properties such as lin-
ear-phase, and how to select the best wavelet bases for image compression.
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